This paper explores four alternative indices for measuring health inequalities in a way that takes into account attitudes towards inequality. First, we revisit the extended concentration index which has been proposed to make it possible to introduce changes into the distributional value judgements implicit in the standard concentration index.
Introduction
and more recently Wagstaff (2002) have proposed to extend the concentration index by including a distributional judgement parameter. The extension is seen as a device which makes it possible to incorporate attitudes towards inequality into the calculation of the index of socioeconomic inequality of health. It builds on suggestions of Kakwani (1980) developed by Yitzhaki (1983) , who shows how a similar extension of the Gini coefficient allows the expression of distributional judgements in the context of income inequality measurement.
The extended concentration index can be applied to a broad range of health and health care variables. Following Pereira (1998) and Wagstaff (2002) , who have used the index to calculate the degree of socioeconomic inequality in child mortality in developed as well as developing countries, there are now a growing number of empirical studies which have applied the index to various health variables. Examples include health limitations within eight European countries across time (Hernández-Quevedo et al. 2006) , child malnutrition in Nigeria (Uthman, 2009) , immunization ratios in developing countries (Gaudin and Yazbeck 2006; Meheus and Van Doorslaer 2008) , and child mortality and child malnutrition in India (Arokiasamy and Pradhan 2010) .
In line with recent research on health inequality measurement, we make a clear distinction between bounded and unbounded variables, and hence treat them separately.
The main reason for this different treatment is that bounded variables, in contrast to unbounded variables, can be looked at from two points of view: the positive side, where the focus is on 'good health' (e.g. the proportion of children without malnutrition), and the negative side, where the emphasis is on 'ill health' (e.g. the proportion of children with malnutrition).
4
In this paper we first of all explore whether the extended concentration index is an appropriate tool to take into account attitudes to inequality when measuring the socioeconomic inequality of health. This form of inequality measurement tries to answer the question: "To what extent are there inequalities in health that are systematically related to socioeconomic status?" (Wagstaff, Paci and van Doorslaer 1991: 546) . Our initial focus is on understanding the precise way the extended concentration index incorporates distributional sensitivity when it is applied to unbounded health variables (section 3). Next, we identify a property which the index does not have, and suggest an alternative index -the symmetric index -based upon a different distributional weighting scheme (section 4). We then move to bounded variables, and generalize both the extended concentration index and the symmetric index (section 5). An empirical study serves to illustrate the differences between the indices (section 6). We also include an appendix specifying how we deal with smallsample bias, ties in the ranking variable, and differences in (ex-post) sampling probabilities when doing empirical work using finite samples.
Preliminaries
In the first part of this paper we consider unbounded ratio-scale health variables. These are variables which have no natural upper bound and vary between 0 and +; health expenditure is an example. In section 5 we will turn our attention to bounded variables, which occur very frequently in the domain of health. When n becomes very large, the fractional rank can be approximated by a continuous variable p defined over the interval [0, 1] . The interval [ In case of a finite number of individuals, the average health status is defined as:
For the continuous case we have:
The Extended Concentration Index
Following suggestions by Kakwani (1980) and Yitzhaki (1983) , both Pereira (1998) and Wagstaff (2002) have introduced the following extended concentration index:
where 1  is a distributional sensitivity parameter. Expression (3) can be formulated in many equivalent ways. Using the definitions of the previous section, (3) can be transformed into a weighted sum of health shares:
Since p corresponds to i R , the continuous counterpart of (4) is:
The extended concentration index (5), in a similar fashion to income inequality measures such as the extended Gini index (Yitzhaki 1983) , assigns weights to individuals based upon their fractional rank p modified by the distributional sensitivity parameter  . A good way to understand how the extended concentration index is influenced by  is to focus on the weighting function, which expresses how the weight of a person depends on her fractional rank p and the distributional sensitivity parameter  :
Figure 1 plots the weighting function for a range of values of  .
[Insert Figure 1 somewhere here]
What we will term the standard concentration index is simply a special case of (5) with  being set equal to 2. In this case the weighting function is ( , 2) 2 1
linear function of p which goes from 1  to 1  as the individual's position increases from the lowest to the highest in the population. Those above the median have positive weights, and those below it negative ones. In case all have the same health level, the 7 standard concentration index is zero; a negative ( , 2) Ch indicates that health is concentrated more among the poor than the rich, and a positive one the reverse.
With regard to other values of the distributional sensitivity parameter, if we take 1  the weighting function is constant and equal to 0. Therefore the index will always have the value of 0 and so inequalities are not taken into account in the extended index.
From now on we assume that 1  ; the weighting function is then a strictly increasing function of the fractional rank, with some individuals having a negative weight and . So unless we take 2  the weighting scheme is asymmetric, and the more so the higher the value of  .
The bounds of the extended concentration index can be derived by assuming that either the poorest or the richest individual is the only one with a positive level of health.
Using the continuous version of the index we obtain:
1 For    , the value of the index based on a finite number of individuals becomes distorted and needs to be adjusted. The appendix provides more details.
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Except for the case when 2  , these bounds are not symmetric. An intuitive interpretation of these bounds is that they provide the weights given to the poorest and the richest person when calculating the extended index. In the standard case these weights are 1  and 1  , which means that the absolute distance between the two is equal to 2. The choice of a particular value of  can therefore be made dependent on the desired distance between the two.
Symmetry and Distributional Sensitivity

Univariate vs. Bivariate Inequality
The extended concentration index has been obtained by applying a concept used for the measurement of the inequality of income -the extended Gini coefficient -to the measurement of the socioeconomic inequality of health. Basically, a one-dimensional construction is transplanted into a two-dimensional context. It cannot be taken for granted, however, that anything which works well in a univariate environment is automatically suited for a bivariate world.
Here we propose a simple test to check whether an indicator is a good measure of the degree of association between socioeconomic status and health. 
A General Formulation
When looking for an alternative, we will try to remain as close as possible to the extended concentration index. Let us consider indices of the following type:
where ( , ) h f  is a normalization function, ( , ) wp a weighting function, and  an distributional sensitivity parameter. These indices belong to the class of Mehran (1976) measures, applied to socioeconomic inequality. It is customary to restrict the attention 10 to indices for which the weighting function is an increasing function of p and for which the weights sum up to zero, i.e. I h f w p h p dp w p h p dp [ , ] ab, where
ba ab w p dp w p dp
Since at least one of these integrals is different from zero, we can assume without loss of generality that ( , ) 0 b a w p dp   , so that we can write
ab ba w p dp w p dp I h f c w p dp c w p dp f c w p dp
I g f c w p dp c w p dp f c w p dp
Since gh    , we obtain ( , ) ( , ) 0 Although the symmetry property is at first sight a stronger requirement than passing the 12 upside down test, Theorem 1 reveals that they are equivalent. The theorem also shows that if we want the symmetry property to hold, then we are obliged to abandon the weighting function of the extended concentration index.
The Symmetric Index
In order to construct an index with the symmetry property, we have to replace the asymmetric weighting scheme of the extended concentration index by an inversely symmetric weighting scheme. This implies that if we want to maintain relatively high negative weights for the poorest individuals, we need to give relatively high positive weights to the richest individuals. The symmetric index we propose here is defined as follows:
4 In terms of expression (8), we have    and:
One can check that for 2  we have ( , 2) 2 1 w p p  , which means that for this value the symmetric index coincides with the extended concentration index with 2  .
The weighting scheme has been devised in such a way that those with fractional ranks above the median always have positive weights, and those below the median always negative weights. As can be seen from Figure 2 , by taking 12    we give relatively higher weights to those with a fractional rank close to the median, while by [Insert Figure 2 somewhere here]
Comparing the Extended Concentration Index and the Symmetric Index
Because of the symmetry property, the individual who occupies the median position in the income distribution plays a pivotal role in the calculation of the symmetric index.  seems more appropriate. The first property is that of sensitivity strictly increasing with poverty, in short 'sensitivity to poverty'; the second that of sensitivity strictly increasing when one moves from the centre towards the extremities of the distribution, in short 'sensitivity to extremity'.
When the issue is the measurement of one-dimensional inequality, for instance of incomes, we believe 'sensitivity to poverty' is the appropriate distributional concept.
But it can be questioned whether the same concept is also the most appropriate one in the case of two-dimensional inequality, for instance of health in relation to socioeconomic rank. In the latter case, we are not measuring the inequality of health as such, but the degree of association between the distribution of health and the socioeconomic ranking. The measure of this degree of association should take into account the whole spectrum of possibilities, and not privilege inequality in one dimension over inequality in the other. By making the measure more sensitive to one end of the income spectrum ('the poor') than to the other ('the rich'), we run the risk of reducing or even neglecting part of the existing inequality. Why should a person with a low income rank but a high health level count more than a person with a high income rank but a low health level? While the symmetric index does not address this issue directly, it expresses the idea that what is happening at the extremities of the income distribution, whether it be at the high end or the low end, should carry more weight than what is happening in the middle.
This brings us to an interesting resemblance between rank-dependent indices that satisfy the symmetry property and the range, which is probably the oldest and most frequently used measure in the field of health inequality (e.g. Townsend and Davidson 1982) . The range compares the health levels of the top and bottom income groups, and its implicit value judgment is that the difference between the best and worst-off income group is what matters for health inequality. This is very much in line with the value judgements of the symmetric index with a high 'sensitivity to extremity' (i.e. a high 16 value of  ). Hence, the symmetric index proposed in this paper allows to bring together the value judgements underlying rank-dependent indices, such as the concentration index, and those underlying indices focusing on 'extremes', such as the range.
Due to its exclusive focus on income poverty, the extended concentration index may lead to counterintuitive results. Consider a health distribution in which the poorest 10% of the population have a very high health level, say 0 c  , the richest 20% also, and all the rest a very low health level, say 0. Since there are twice as much rich persons in good health than poor persons, we believe few people would doubt that health is distributed rather strongly in favour of the rich, and therefore we expect a positive value of the index. Yet, the extended concentration index will be negative for any value of  (approximately) higher than 3.33 (the value of the extended concentration index is in this example equal to 10 (0.9) (0.2) 0.7 3     ) 6 . By contrast, the symmetric index will always be positive.
The explanation of the divergence lies in the way in which the two indices treat different combinations of ranks and health levels. Low health levels always have a small contribution to the value of the extended concentration index (positive in case of a high rank and negative for low ranks); and this also holds for the symmetric index. But things are different for high health levels. In case of the extended concentration index, these lead to a moderately positive contribution for high ranks, and a very large negative contribution for low ranks; while there is no such difference (apart from the sign of the contribution) for the symmetric index, i.e. there is a large positive contribution for high ranks, and a large negative contribution for low ranks. 6 This can be checked by noting that
Symmetry and Mirror
Bounded Variables
While the extended and symmetric concentration indices can be applied to unbounded variables, our focus now shifts to the case of bounded health variables, i.e. health variables which can be looked at from two points of view: the positive side, where the focus is on 'good health' (e.g. the proportion of children without malnutrition), and the negative side, where the emphasis is on 'ill health' (e.g. the proportion of children with 
Correspondingly, the (standardized) ill-health level is equal to 
The Mirror Property
It is now well-known that the standard concentration index may give conflicting information when applied separately to health and ill health. When comparing two different distributions, it can occur that the distribution with the highest measured degree of health inequality does not show the highest degree of measured ill health inequality (Clarke et al. 2002; Erreygers 2009a) . With regard to one-dimensional inequality, Lambert and Zheng (2011) show that the requirement that the ranking of distributions generated by the health index should be the same as the ranking generated by the ill health index, is equivalent to imposing the perfect complementarity property, by which we mean that for a given distribution the value of the health index must always be exactly equal to the value of the ill-health index. In the two-dimensional case, this translates into the mirror property: the value of the health index should be exactly the opposite of the value of the ill health index, i.e. Erreygers and Van Ourti (2011a) show that the mirror property is incompatible with rank-dependent inequality indices focusing on relative (ill) health differences between individuals; and this explains why the violation of the mirror property carries over to the extended and symmetric concentration indices. If the mirror property is believed to be more important than the focus on relative differences, then obviously the extended and symmetric concentration indices must be abandoned or modified.
For the class of indices studied by Erreygers and Van Ourti (2011a) and  .
Generalizing the Extended Concentration Index and the Symmetric Index
The reason why the extended concentration index and the symmetric index fail to satisfy the mirror property is that their normalization functions do not have the required The generalized extended concentration index we propose here is defined as follows:
GC h p h p dp
In terms of (8), this means we take    and: (1 
(The maximum bound of 1  and the minimum bound of 1  can be reached only when * 1 2 h .) When    , the generalized symmetric index tends to ** (1) (0) hh  .
A Summary
We end up with four indices, two of which were developed for unbounded variables and two for bounded variables. We can classify the available indices according to whether they have the symmetry and/or mirror property (see Table 1 ). For bounded variables we think the mirror property is crucial; in terms of value judgements, we believe it is better to use an index which has the mirror property than an index which focuses exclusively on relative (ill) health differences. Those who believe that accounting for relative (ill) health differences is more important than satisfying the mirror property can resort to the extended concentration and symmetric index when using bounded variables (see also
Erreygers and Van Ourti 2011a). Whether the symmetry property is essential or not is
open to debate; depending on one's preference, there is a choice between the (generalized) symmetric index and the (generalized) extended concentration index.
[Insert Table 1 somewhere here.]
Before we move to an empirical application, it deserves to be mentioned that we have not explored all possible indices. There is much to be said in favour of a procedure which starts from a very broad set of indices and then narrows it down after specifying a list of desirable properties. We fully realize that the (generalized) extended concentration index and the (generalized) symmetric index are not the only indices that incorporate distributional sensitivity, but since the extended concentration index has been used in practice and the other indices are closely related to it, we decided to limit the discussion to these four indices.
6. An Empirical Application
The Data
In this section we will illustrate some of the measurement issues concerning each of the four previously discussed inequality measures using real data. In this study we focus on two health variables from subsets of these data: (a) under-five mortality for children born between 5 and 15 years from the time of the survey 9 ; and (b) the number of antenatal visits the mother had for her lastborn child.
Under-five mortality is a bounded variable and hence will be used to illustrate the 'generalized' measures. Since this variable is binary and only takes the values of 0 and 1, there is no need to standardize before applying these indices. We use the number of antenatal visits as an example of an unbounded variable to illustrate the standard, i.e.
'relative', versions of the two indices. 10 Key characteristics of the surveys including the total number in each sub-sample as well as the proportion of children dying under five years of age, and summary statistics of the number of antenatal visits are reported in Table 2 by country.
[Insert Table 2 somewhere here]
In some countries, a high proportion of households have the same value for the constructed socioeconomic variable, which results in ties of the socioeconomic rank.
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For example, more than 35 percent of the sample in Comoros, Haiti, Nepal and Zambia have the same value for the constructed socioeconomic variable. In addition, smallsample bias and differences in (ex-post) sampling probabilities need to be addressed when undertaking analyses based on finite samples. In the appendix we provide detailed information on how to adjust for these biases when using these indices.
Comparing Two Countries
Before applying the indices to all countries it is useful to examine two countries (Niger and The Philippines) in detail in order to understand how and why the indices vary for different levels of the distributional sensitivity parameters β and ν. Figure 3 presents the 10 The DHS does not include information on health care expenditures which would constitute an ideal candidate for an unbounded ratio-scale variable (see e.g. Table 1 in Erreygers and Van Ourti 2011a) . We use the number of antenatal visits as a proxy for an unbounded variable which seems a reasonable assumption given that it might take reasonably high values in practice.
11 The socioeconomic variable on the basis of which ranks are assigned, is constructed using principal component analysis by combining information on a set of household assets and living conditions into one indicator (Filmer and Pritchett 2001) .
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distribution of under-five mortality across socioeconomic deciles in these two countries.
In Niger under-five mortality rates are very high, with around 34% of children in households in the lowest socioeconomic decile dying before the age of five, compared to around 19% in the highest decile (see Figure 3a) . In The Philippines the rates of mortality range from 9% in the lowest to 3% in the highest decile (see Figure 3b ).
[Insert Figure 3 somewhere here]
Since the infant mortality rate is a bounded variable, we use the generalized versions of our indices to compare the two countries. Figure 3c pro-poor bias in both countries, and that the absolute level of socioeconomic inequality is higher in Niger than in the Philippines. For high values of the distributional sensitivity parameter ν, however, the generalized extended concentration index becomes very small for Niger, whereas the values for The Philippines remain fairly constant.
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As a result, the inequality ranking of Niger and The Philippines based on the generalized extended concentration depends on the value of the distributional sensitivity 12 For Niger the value of the generalized extended concentration index goes from 0.094 ( 1.5  ) to 0.008 ( 10  ), while for the Philippines it goes from 0.045 ( 1.5  ) to 0.042 ( 10  ). These values are based on decile data; the values reported in Table 3, [Insert Figure 4 somewhere here]
13 For Niger the value of the generalized symmetric index goes from 0.067 ( 1.5  ) to 0.139 ( 10  ), while for the Philippines it goes from 0.042 ( 1.5  ) to 0.058 ( 10  ).
Comparing All DHS Countries
A more complete picture emerges when we take all countries in the DHS database into account. Table 3 lists the values of the indices for the variable infant mortality, and Table 4 for the variable number of antenatal visits. For the sake of brevity we present the result for four values only of the distributional sensitivity parameters: 1.5, 2, 3 and 6.
[Insert Tables 3 and 4 [Insert Figure 5 somewhere here] Figure 6 shows the same information, but now for the number of antenatal visits and using the relative inequality measures, i.e. the extended concentrating index and the 27 symmetric index. A broadly similar pattern emerges, although in this case there seems to be more consistency between the measures: the Spearman rank correlation coefficients tend to be slightly higher.
[Insert Figure 6 somewhere here]
Conclusions
In this paper we have explored various ways to incorporate attitudes towards inequality into the measurement of socioeconomic health inequalities. We started by revisiting the extended concentration index that was proposed by Pereira (1998) and Wagstaff (2002) .
Its asymmetric weighting scheme is based on the idea -borrowed from the income inequality literature -that we should give relatively higher (absolute) weights to the poor than to the rich. But this comes at a price: the index can in some instances conclude there exists pro-poor bias in cases when there is no systematic bias in favour of either the rich or the poor, i.e. when the chances of having high or low health levels happen to be symmetrically distributed over the rich and the poor. Informed by this analysis, we then introduced a new requirement -the symmetry property -and a new index -the symmetric index -based on a distributional weighting scheme which is (inversely) symmetric around the median income rank and gives higher (absolute) weights to both the poor and the rich.
We also paid special attention to bounded variables. Similarly to the standard concentration index, it turns out that neither the extended concentration nor the symmetric index satisfies the mirror condition, i.e. the requirement that socioeconomic inequality in health attainments should mirror socioeconomic inequality in health shortfalls (or ill-health). We then showed, however, that a simple re-normalization suffices to transform both of these indices into a generalized form which does satisfy the mirror condition.
In an empirical section we illustrated that the rankings of countries generated by the indices can differ substantially, especially for high values of the distributional sensitivity parameters. This holds for both unbounded and bounded variables. Unlike what is observed for the extended Gini coefficient, increasing the degree of distributional sensitivity does not always lead to increasing pro-rich inequality: these indices can rise or fall in value and can even switch sign whenever measures of health (or ill-health) are not monotonically changing across socio-economic groups. The issue appears to be most relevant for the extended and generalized extended concentration indices. Hence more caution needs to be exercised when choosing the value of the distributional sensitivity parameter than in the case of the extended Gini coefficient.
What is important for all indices when doing empirical work, are biases due to finite samples, ties in the ranking variable and differences in (ex-post) sampling probabilities.
In the appendix we point out how we have dealt with those issues.
Finally, while we have examined the properties of the four indices incorporating different weighting schemes and different normalization functions, we can still say very little about the preferences of society regarding the distribution of health across income.
Developing a plausible range of weighting schemes which can be employed in empirical work to reliably inform policy analysis therefore remains an important challenge Appendix A.1. Adjusting for biases that arise when using finite samples
In empirical work one works with finite samples, which means that p is not a continuous variable and that a discrete version of the formulas has to be used. The value 29 of p is usually approximated by the fractional rank i R (Lerman and Yitzhaki 1989) .
The fractional rank versions of the four indices are:
(The superscript R is added to indicate that these expressions are based on the fractional
In general it can be said that the value of the fractional rank indices will be very close to the value of the continuous indices for high values of the number of persons n, and that the degree of approximation increases with n. However, for relatively small values of n, the deviation between the two indices may be substantial. The magnitude of this 'small-sample bias' is distribution-specific and will be larger for values of the distributional sensitivity parameters  or  that are relatively further away from 2.
One of the remarkable things, though, is that the small-sample bias also shows 
A.3. Small-sample adjustment in the presence of ties
When there are ties, the fractional ranks of the tied individuals are based on the average rank within the group to which they belong, which creates an additional source of bias.
The latter source of bias is identical to the so-called bias from grouping which arises when data are grouped into categories or ranges, e.g. income quintiles (Clarke and Van Ourti, 2010; Van Ourti and Clarke; . Wagstaff suggested to correct for the bias due to grouping by subtracting the excess value of the sum of the weights from the value of the fractional rank index (Wagstaff 2002, Appendix A.2; O'Donnell et al. 2008, equation 9.6) . We follow an alternative approach that generalizes the idea that the adjusted weights should be equal to the corresponding continuous weights which allows to address both the small-sample bias and the bias due to grouping.
Suppose there are K groups in the population, denoted as 1, 2, , K , with 1 referring to the poorest group, 2 to the second poorest, etc. The number of people in group J is equal to J n . Let us define the total number of people in all groups up to and including J, i.e. in the groups 1, 2, , J , as J I . By convention, we take 0 0 I  . The average health level in group J is denoted as J h . Following the same reasoning as before, the adjusted weights of group J turn out to be equal to: 
A.5. Monte Carlo evidence on the small-sample adjustment
We know that the biases discussed in sections A.1-A.4 are distribution-specific, but their magnitude, how they vary with the number of observations, the parameters  and  , and the shape of the distribution is unknown. Similarly, it is not a priori clear how much of the bias is removed by applying the small-sample adjusted weights in equations (A9)-(A10).
In order to increase our understanding, we have performed Monte Carlo simulations using the beta distribution which allows to analyze these issues under a wide variety of shapes of the distribution function, including bimodal and left-and right-skewed distributions. We have also checked a wide variety of values for    in order to reflect a wide range of distributional concerns.
More details on the Monte Carlo simulations can be obtained from the authors upon request, but the general message is that the magnitude of the small-sample bias can be large and that it is more important when health and the income rank are strongly correlated. We also find that the small-sample adjustments reduce the small-sample bias, although there are some cases where the point estimates of the indices did not improve. 
